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1. Introduction 


We show that the endograph metric and the [-convergence are compatible 
on a large class of fuzzy set in R™. The results in this paper improves the 
corresponding results in [5, 6] 


2. Preliminaries 


In this section, we recall and give some basic notions and fundamental 
results related to fuzzy sets and convergence structures on them. Readers 
can refer to [1—4] for related contents. 

Throughout this paper, we suppose that X is a nonempty set and d is 
the metric on X. For simplicity, we also use X to denote the metric space 
(X, d). 

The metric d on X x [0,1] is defined as follows: for (x,a), (y, 8) € X x 
(0,1), 


d((x, a), (y,8)) = d(x, y) + la — BI. 
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Throughout this paper, we suppose that the metric on X x (0, 1] is d. For 
simplicity, we also use X x [0,1] to denote the metric space (X x [0,1], d). 

A fuzzy set u in X can be seen as a function u : X — [0,1]. A subset S 
of X can be seen as a fuzzy set in X. If there is no confusion, the fuzzy set 


corresponding to S is often denoted by xs; that is, 


oe 1, 2es, 
Xs = 0 gre 1 &. 


For simplicity, for x € X, we will use Ẹ to denote the fuzzy set y,.} in X. 
In this paper, if we want to emphasize a specific metric space X, we will 
write the fuzzy set corresponding to S in X as Spx), and the fuzzy set 
corresponding to {x} in X as Tr(x). 

The symbol F(X) is used to denote the set of all fuzzy sets in X. For 
u € F(X) and a € [0,1], let {u > a} denote the set {x € X : u(x) > a}, 
and let [u], denote the a-cut of u, i.e. 


{rE X:u(x) >a}, ae (0,1, 
uļa = Sa 
supp u = {u > 0}, a= 0, 


where S denotes the topological closure of S in (X, d). 

The symbol K(X) and C(X) are used to denote the set of all nonemp- 
ty compact subsets of X and the set of all nonempty closed subsets of X, 
respectively. 

Let Fysc(X) denote the set of all upper semi-continuous fuzzy sets u : 
X > [0,1], i.e., 


Fyso(X) := {u € F(X) : [ula € C(X) U {0} for all a € [0, 1]}. 
Define 


Fuscg(X) := {u € Fusc(X) : [ulo € K(X) U {OF}, 
Fuscc(X) = {u E Fusc(X) : [ula E€ K(X) U 10} for alla € (0, 1}}. 


Clearly, 
Fuscp(X) © Fusce(X) © Fusc(X). 


Define 


Foon(X) := {u € F(X): for all a € (0,1), [ula is connected in X}, 
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Fusccon(X) := Fusc(X) N Feon(X), 
Fuscacon(X) := Fusca(X) N Feon(X). 
Let u € Foon(X). Then [ulo = Uaso[ula is connected in X. 
If u = xg, then [ulo = @ is connected in X. If u Æ xg, then there is an 
a € (0,1] such that [u], 4 Ø. Note that [u]s D [ula when 6 € [0,a]. Hence 


Up<s<alu]g is connected, and thus fulo = Uo<g<alu]lg is connected. 
So 


Foon(X) = {u € F(X): for all a € [0,1], [u]a is connected in X}. 


Let Fiiso(X) denote the set of all normal and upper semi-continuous 
fuzzy sets u : X — [0,1], i.e., 


Figc(X) := {u € F(X) : [ula € C(X) for all a € [0, IJ}. 


We introduce some subclasses of Fij¢(X), which will be discussed in this 
paper. Define 


Fosop(X) := Fogc(X) N Fusca(X), 
Fusea(X) = Fogco(X) N Fusce(X), 
Fosccon(X) := Fisc(X) N Foon(X), 
Foscacon(X) := Fosce(X) N Foon(X). 
Clearly, 
Fiscp(X) © Fosoe(X) € Fosc(X), 
Foscacon(X) © Fosccon(X): 


Let (X,d) be a metric space. We use H to denote the Hausdorff dis- 
tance on C(X) induced by d, i.e., 


H(U, V) = max{H*(U, V), H*(V,U)} 
for arbitrary U,V € C(X), where 


H*(U, V) = sup d (u, V) = sup inf d (u, v). 


ucU ucU VE 


If there is no confusion, we also use H to denote the Hausdorff distance 
on C(X x [0, 1]) induced by d. 


Remark 2.1. p is said to be a metric on Y if p is a function from Y x Y 
into R satisfying positivity, symmetry and triangle inequality. At this time, 
(Y, p) is said to be a metric space. 

p is said to be an extended metric on Y if p is a function from Y x Y into 
R U {+00} satisfying positivity, symmetry and triangle inequality. At this 
time, (Y, p) is said to be an extended metric space. 

We can see that for arbitrary metric space (X, d), the Hausdorff distance 
H on K(X) induced by d is a metric. So the Hausdorff distance H on 
K(X x [0,1]) induced by d on X x [0,1] is a metric. In these cases, we call 
the Hausdorff distance the Hausdorff metric. 

The Hausdorff distance H on C(X) induced by d on X is an extended 
metric, but probably not a metric, because H(A, B) could be equal to +00 
for certain metric space X and A, B € C(X). Clearly, if H on C(X) induced 
by d is not a metric, then H on C(X x [0,1]) induced by d is also not 
a metric. So the Hausdorff distance H on C(X x [0,1]) induced by d on 
X x [0,1] is an extended metric but probably not a metric. In the cases 
that the Hausdorff distance H is an extended metric, we call the Hausdorff 
distance the Hausdorff extended metric. 

We can see that H on C(IR™) is an extended metric but not a metric, and 
then the same is H on C(R™ x [0, 1]). 

In this paper, for simplicity, we refer to both the Hausdorff extended 
metric and the Hausdorff metric as the Hausdorff metric. 


For u € F(X), define 


endu := {(x,t) € X x [0,1] : u(x) > t}, 
sendu := {(x,t) € X x [0,1] : u(x) > t} A (fulo x [0, 1]). 


end u and send u are called the endograph and the sendograph of u, respec- 
tively. 

We can define the endograph metric Hena on Fysc(X) as usual. For 
u,v € Fysc(X), 


Henalu, v) := H (end u, end v), 


where H is the Hausdorff metric on C(X x [0, 1]) induced by d on X x (0, 1]. 
Rojas-Medar and Roman-Flores [4] introduced the Kuratowski conver- 
gence of a sequence of sets in a metric space. 


Let (X, d) be a metric space. Let C be a set in X and {C,,} a sequence of 
sets in X. {Cn} is said to Kuratowski converge to C according to (X,d), 
if 

C = liminf Cn = lim sup Cr, 


noo n= 


where 


liminf Cp = {£ E X: x= lim £n, 8n € Chn}, 
n00 


n—> o0 


lim sup Ch = {z E X: x = Jim nj) En, < Gat = N U Cay: 


n= 
n=1lm>n 


In this case, we'll write C = lim{*). Cn according to (X,d). If there is 
no confusion, we will not emphasize the metric space (X, d) and write {Cn} 
Kuratowski converges to C or C = lim) o Cn for simplicity. 

We can define the I'-convergence of a sequence of fuzzy sets on Fysc(X). 
as usual. 

Let u, Un, n = 1,2,..., be fuzzy sets in Fygc(X). {un} is said to T- 
converge to u, denoted by u = lim® — Un, if endu = lim) end Un 


according to (X x [0,1], d). 


3. Main results 
We need the following conclusions. 


Theorem 3.1. /5/ Suppose that C, Cn are sets in C(X), n=1,2,.... Then 
H(C,,C) — 0 implies that limf) Cc, =C. 


NCO 


Lemma 3.2. (Lemma 2.1 in [5]) Let (X,d) be a metric space, and Cy, 
n = 1,2,..., be a sequence of sets in X. Suppose thatx € X. Then 

(i) x € liminfnsœ Cy if and only if limno d(x, Cn) = 0, 

(ii) x € limsup,,,.Cn if and only if there is a subsequence {Ci} of {Cr} 
such that iMg d£, Cn) = 0. 


Proof. Here we give a detailed proof. Readers who think that this conclusion 
is obvious can skip this proof. 

(i) Assume that x € liminfnsoo Cn. Then there is a sequence {£, n = 
1,2,...} in X such that £n € Cn for n = 1,2,... and limi, d£, £n) = 0. 
Since d(x, Cn) < d(x, £n), thus limps dlx, Cn) = 0. 


Conversely, assume that lim,_,..d(z,C,) = 0. For each n = 1,2,..., 
we can choose an £n in Cn such that d(z,z,) < d(x,C,) + 1/n. Hence 
lim, +66 d(£, £n) = 0. So z € lim int,» Cn- 

(ii) Assume that x € limsup,,,,, Cn. Then there is a subsequence {Ch } 
of {Cn} and £n, E Cn, for k = 1,2,... such that lim,_,., d(x, %,,) = 0. Since 
d(£, Cyw, ) < d(T, Enp), thus lp d£, Chp) = 0. 

Conversely, assume that there is a subsequence {C’,,} of {Ch} such that 
limk d(x, Cn,) = 0. For each k = 1,2,..., we can choose an £n, in Ch, 
such that d(£,£n,) < d(x,Cn,) + 1/k. Hence limz_, d(x, £En,) = 0. So 
x E limsup,, ,.. Cn- 


Theorem 3.3. (Theorem 5.19 in [6]) Let u be a fuzzy set in Figca(X) 
and let un, n = 1,2,..., be fuzzy sets in Fiigo(X). Then the following are 
equivalent: 


(i) Hena(Un, u) > 0; 
(ii) H([Unla; (Ula) + 0 holds a.e. on a € (0,1); 
(iii) H([Unla; (Ula) > 0 for all a € (0,1) \ Plu); 


(iv) There is a dense subset P of (0,1)\Po(u) such that H([Unja; lula) > 0 
fora EP; 


(v) There is a countable dense subset P of (0,1)\Po(u) such that H([unja, Ula) > 
0 forae P. 
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Theorem 3.4. (Theorem 6.2 in [5]) Let u, un, n = 1,2,... be fuzzy sets in 
Fusc(R™). Then the following are equivalent: 


(i) lim® 


n—-> oo 


ad? 


Un = U; 
(ii) lim) [una = [ula holds a.e. on a € (0,1); 
(iii) lim) [unja = [ula holds for all a € (0,1) \ P(u); 


n—> o0 


(iv) There is a dense subset P of (0,1)\P(u) such that lim’) funla = [ula 
holds for a € P; 


(v) There is a countable dense subset P of (0,1)\P(u) such that lim“) [unja = 
[ula holds fora € P. 


Proposition 3.5. Let C be a nonempty compact set in R™ and for n = 
1,2,... let Cn be a nonempty connected and closed set in R™. Then H(C,,C) > 
0 if and only if lim’ C, = C. 


n—> o0 


Proof. From Theorem 3.1, we have that H (Cn, C) > 0 > lim). Cn = C. 


Noo WN 
Now we show that lim“) C, = C > H(C,,C) > 0. We prove by 
contradiction. Assume that lim) Cn = C but H(C,,C) Æ 0. Then 


H*(C,C,) Æ 0 or A*(C,,C) Æ 0. We split the proof into two cases. 

Case (i) H*(C, Cn) A 0. 

In this case, there is an £ > 0 and a subsequence {C;,, } of {Cn} such that 
H*(C,C,,) > £. Thus for each k = 1,2,... there exists z € C such that 
d(£k, Cn) > €. Since C is compact, there is a subsequence {£p} of {£k} 
which converges to x € C. Then there is a L(e) such that d(x, £) < €/2 for 
all] > L. Hence d(x, Coy) > d(m,Cn,,) — d(x, £) > €/2. By Lemma 3.2 
(i), this contradicts x € C = liminf, ,.. Ch. 

Case (ii) H* (Cn, C) Æ 0. 

In this case, there is an € > 0 and a subsequence {C;,, } of {Cn} such that 
H” (Cn, C) > £. Thus we have the following: 

(a) for each k = 1,2,... there exists £n, € Cn, such that d(£n,, C) > €. 

Pick y € C, since C = lim infnno Cn, we can find a sequence {yn} satis- 
fying that yn € Chn for n = 1,2,... and {yn} converges to y. Hence there is 
a N(e) such that for all n > N, d(yn,y) < £. Since d(yn,C) < d(yn,y), we 
have the following: 

(b) for all n > N, d(yn,C) < €. 

Let k € N with nk > N. Define a function f, from Ch, to R given 
by f(z) = d(z,C) for each z € C,,. Then fk is a continuous function on 
Cn: Since Cn, is a connected set in R™, fk(Cn,) is a connected set in R. 
Combined this fact with the above clauses (a) and (b), we obtain that there 
exists Zn, € Cn, such that 


d(zn,, C) =€. (1) 


From (1) and the compactness of C, the set {zn,,n% > N} is bounded in R”, 
and thus {2n,; nk > N} has a cluster point z. By (1), d(z,C) = £, which 
contradicts z € limsup,,,,, Cn = C. 


Remark 3.6. Proposition 3.5 may be known, however we can’t find this 
conclusion in the references that we can obtain. So we give a proof here. 
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Let A be a nonempty compact set in 


R” and B a nonempty closed set in 
R”. If H(A, B) < +00, then B is bounded and hence a compact set in R”. 


Clearly, if B is compact in R”, then H(A, B) < +00. So H(A, B) < +00 if 


and only if B is a compact set in R” 


From the above fact we know that for C and Ch, n = 1,2,..., satisfying 
the assumptions of nae: d 5, if H(C,,C) > 0 (by a 3.5 


H(Cn, C) — 0 if and only if lim“ 


fae 


Cn = C), then clearly there is an N € N 


such that for all n > N, H(C,,C) < +œ and thus for all n > N, Chn is 


compact. 


The following Proposition 3.7 is an immediate consequence of Proposition 


3.5, Theorem 3.3, and Corollary 3.4. 


Theorem 3.7. Let u be a fuzzy set in Figco(R™) and for n = 1,2,..., let 
Un be a ed set in Fiscoon(R™). Then Hena(tn,u) —> 0 as n > œ if and 


only if im® un = u. 


Proof. The proof is routine. 


By let X = R” in Theorem 3.3 we have the following: 
(i) Hena(tn, u) > 0 if and only if H ([un]a; (Ula) — 0 holds a.e. on a € (0,1). 
By Theorem 3.4, we have the following: 


(ii) im”) | uy = u if and only if [ul = lim“? 


n—> o0 


nla holds a.e. on a € (0,1). 


(A) lu 


Since for each a € (0,1] and n € N, [ula E€ K(R™), [unle € C(R™) 
and [unla is connected in R”. Thus by as 3.5, for each a € (0, 1], 
H ([un]a, [u]a) > 0 if and only if [uJ = lim‘) [umja. Combined this fact 


n—> o0 


with the above clauses (i) and (ii), we have that Hena(un,u) > 0 if and only 


T) — 
if lim Un = u. 


Remark 3.8. Theorem 3.7 would be false if R™ were replaced by a general 


metric space X. 


Here we mention that for u € F b soal 


R) and a sequence {un} in Ffscconl 


A 


H (un, u) + 0 does not imply that there is an N satisfying that for all n > N 
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1 
un € Fuscacon(! 


The following Example 3.9 is a such example, which shows that there 
exists a u € Fijgcc(R) and a sequence {un} in Fasccoon(R) such that 


(i) H(un,u) > 0, 


(ii) for each n = 1,2,..., Un € Fuscecon(R). 


Example 3.9. Let u = Tre) € Ficco(R). For n = 1,2,..., define un € 
Fisc(R) as follows: 


1, t=1, 
un(t) = l Lin, tÆ1. 
Then for n = 1,2,..., 


{1}, a € (1/n,1], 
[un]a = l R, a€(0,1/n]. 


So for each n = 1,2,..., Un E€ Fifgccon(R) but un ¢ Féscecon(R). It can 


be seen that Henalu, Un) = 1/n —> 0. 


Theorem 9.2 in [5] discusses the compatibility of the endograph metric 
Ana and the [-convergence. 


Theorem 3.10. (Theorem 9.2 in [5/) Let u be a fuzzy set in Fuscg(R™) \ 
{Øren} and for n = 1,2,..., let Un be a fuzzy set in Fuscecon(R™). Then 
(r) 


N+ CO 


Hena(Un, u) > 0 as n > co if and only if lim Un = U. 


The following Corollary 3.11 is an immediate corollary of Theorem 9.2 in 
[5]. 


Corollary 3.11. Let u be a fuzzy set in Figcg(R™) and for n = 1,2,..., 
let Un be a fuzzy set in Foscacon(R™). Then Hena(tin, u) > 0 as n > co if 


and only if lim?) uy = u. 


We can see that Theorem 3.7 is an improvement of Corollary 3.11. 

Corollary 3.11 is the normal fuzzy set case of Theorem 9.2 in [5], which 
is an important special case of Theorem 9.2 in [5]. 

In the following, we give an improvement of Theorem 9.2 in [5]. 

For a subset S in (X x (0, 1], d), we still use d to denote the induced metric 
on S by d. 

For a set S in X, we use S to denote the topological closure of S in (X, d); 
for a set S in X x [0,1], we use S to denote the topological closure of S in 
(X x [0,1],d). The readers can judge the meaning of S according to the 
context. 

For D C X x [0,1] and a € [0,1], define Da := {x € X : (x,a) € D}. 
For a nonempty set D in X x [0,1], define fp := inf{a : (x,a) € D} and 
Sp := sup{a: (x,a) € D}. 


Proposition 3.12. Let D be a nonempty set in X x [0,1] with D, C D; 
for fo <t<r< 1. Then Dy, is connected in (X,d) if and only if D is 
connected in (X x [0,1], d). 

Proof. Sufficiency. We proceed by contradiction. Assume that Dy, is 
connected in X. If D is not connected in X x [0,1], then there exists two 
nonempty sets A and B in X x [0,1] such that AUB = D, AN B = É and 
BnA=0. 

Note that Dy, x {fp} C D and Dy, x {fp} is connected. Hence Dy, x 
{fo} C A or Dy, X {fp} C B. Without loss of generality, we suppose that 
Dy, x {fp} C A. 

Pick (z,a) € B. Set y = inf{@: (x, 6) € B}. 

If (x,y) € B, we affirm that y > fp. Otherwise y = fp and (x, fp) € B. 
Note that (x, fp) € A. Thus AN B # Ø, which is a contradiction. Hence 
(x,€) € A for € € [fp,7), and therefore (x,y) = limg,,_(z,€) € A. So 
ANB #ģ. This is a contradiction. 

If (x,y) € A, then there is a sequence {(z, 7,,)} in B such that lim, +o. Yn = 
y. Hence (x,y) = limn4o.(%, Yn) € B. Thus AN B # 9. This is a contradic- 
tion. 


Necessity. Assume that D is connected in X x [0,1]. Define a function 
f : (D,d) > (Djip, d) given by f(x,a) = x for each (x,a) € D. Clearly 
for (x, a), (y, 8) € X x [0,1], d(f (x,a), fy, 8)) = d(a,y) < d((w, a), (y, 8). 
Then f is continuous and hence Dy, = f(D) is connected in X. 


Corollary 3.13. Let E be a nonempty set in X x [0,1] with E, D E, for 
0<t<r < Sg. Then Es, is connected in (X,d) if and only if E is 


connected in (X x [0,1], d) 
Proof. Let D = {(x,1 — a) : (x,a) € E}. Then D is a nonempty set in 
X x [0,1] with D, C D; for fp <t <r <1. Hence by Proposition 3.12, Dy, 
is connected in (X, d) if and only if D is connected in (X x [0,1], d). 
Define f : (E,d) > (D,d) as follows: f(z,a) = (x, 1 — a) for (x,a) € E. 
Observe that Es, = Dy,, so to verify the desired result it suffices to 


show that D is connected in (X x [0,1], d) if and only if E is connected in 
(X x [0,1], d), which follows from that f is an isometry and f(E) = D. 
The desired conclusion can also be proved in a similar manner as that of 


Proposition 3.12. 
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We use dm to denote the Euclidean metric on R™. We also use R” x [0, 1] 


to denote the metric space (R™ x [0, 1], dm). Rt is written as R. 


Remark 3.14. Here we mention that Dsp = @ is possible when D is con- 
nected in X x [0,1] and satisfies the assumption in Proposition 3.12. Let 
X =R and define D C R x [0,1] by putting 


0, a=1, 
D.={ (0,1—a], a € (0,1). 


Then D is a such example. 
Similarly, Ey, = @ is possible when E is connected in X x [0,1] and 
satisfies the assumption in Corollary 3.13. 


Let u € F(X) and0<r<t<1. Define end‘ u given by 
end’ u := end u N ([u], x [r, t)). 


For simplicity, we write end} u as end, u. We can see that endo u = send u. 
Clearly, for u € Fuscco(X) and r € (0,1), end,u is a compact set in 
X x [0,1]. 


Corollary 3.15. Letu € F(X). 
(i) For r,t withO<r<t<1, endt u is connected in X x [0,1] if and only 
if [u], is connected in X. 


(ii) X is connected if and only if endu is connected in X x [0,1]. 


Proof. If endt u Æ Ø, then, by Proposition 3.12, the conclusion in (i) is true. 
Thus it suffices to consider the case when end‘. u = Ø. In this case, [u], = 0, 
and so clearly the conclusion in (i) is true. 

Note that fenau = 0 and (endu)o = X. So (ii) follows immediately from 
Proposition 3.12. 


The following Examples 3.16 and 3.17 give some connected sets in R x 
(0, 1]. Proposition 3.12, Corollary 3.13 and Corollary 3.15 are used to show 
the connectedness of these sets. 
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Example 3.16. Let D C R x [0, 1] be defined by putting 


We can see that D = AU BUC, where 
A = (0, 4] x [0, 0.5], 
B= |] [L-21] x {a}, 


ac[0.5,1] 


C= |] [,4-e] x {a} 


a€[0.5,1] 


Clearly A is connected in R x [0,1]. By Corollary 3.13, B is connected in 
R x [0,1]. By Proposition 3.12, C is connected in R x [0,1]. ANB = 
1 — 0.57,1] x {0.5} £ Ø. ANC = [3,4 — 0.5?] x {0.5} 4 Ø. Thus D is 
connected in R x [0, 1]. 

Here we mention that there is no u € F(R) satisfying D = send u because 
Dee Dew. 


Example 3.17. Let u € Fijso(R) be defined by putting: 


_ f [0,1] U [3,4], a € (0.6, 1], 
[ula = l (0, 4], a € (0, 0.6]. 


We can see that [0, 1] U [3, 4] is not connected, [0,4] and R are connected. 
So u € Fisc(R) \ Fusccon(R). By Corollary 3.15, endu is connected in 
R x [0, 1]; end, u is connected in R x [0,1] if and only if r € [0, 0.6]. 


We say that a sequence {u,,n = 1,2,...} in Fysc(R”) satisfies connect- 
edness condition if for each € > 0, there is a ô € (0,e] and N(e) € N such 
that for all n > N, ends un is connected in R™ x [0,1]. 

We will use the following conclusion. 

Let (Y, p) be a metric space, x,y € Y and W CY. Then 


p(x, W) = inf p(x, 2) 
Py 
< inf {o(x,y) + ply, 2)} 


= p(x, y) + ply, W). (2) 
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Theorem 3.18. Letu € Fysca(R™) {Gren}, and let {un,n = 1,2,...} be 
a fuzzy set sequence in Fygc(R™) which satisfies the connectedness condition. 
Then Hena(Un, u) > 0 as n > œ if and only if lim® Un =u. 


Proof. From Theorem 3.1, Hena(tn,u) > 0 > lim”? Un = u. 

Now we show that lim” | Un = u => Aena(tn,u) —> 0. We prove by 
contradiction. Assume that lim) Un = u but Henalun, u) Æ 0. Then 
H* (endu, end un) Æ 0 or H* (end un, endu) Æ 0. We split the proof into two 
cases. 

Case (i) H” (end u, end un) Æ 0. 

In this case, there is an € > 0 and a subsequence {un,} of {un} such that 
H*(endu,endun,) > €. Thus for each k = 1,2,... there exists (£k, a%) € 
endu such that dm((£p, &k) endun,) > £. Note that for each k = 1,2,... 
ay, > E. So {(£k, Qk), k = 1,2,...} C end. u. 

Since end, u is compact, there is a subsequence {(£r, @x,)} of { (£k, ax) } 
which converges to (x,a) € endeu C endu. Then there is a L(e) such that 


dm (x, &), (Ek Qk )) < €/2 for all l > L. Hence, by (2), dm((x, a), end un, ) 2 


dml (Tk Qk), end Un) — dmh (T, a), (Eki; Qx )) > €/2. By Lemma 3.2 (i), this 
contradicts (x,a) € endu = liminf,_,.. end un. 

Case (ii) H* (end un, endu) Æ 0. 

In this case, there is an £ > 0 and a subsequence {un,} of {un} such that 


H*(endun, endu) >e. (3) 


Take y € R” with u(y) > 0. Set w = u(y). Since {un} satisfies the 
connectedness condition, there is a € € (0,min{y,¢}) and N, € N such that 
ende un is connected in R™ x [0,1] for all n > Nj. 

Firstly we show the conclusions in the following clauses (1), (II) and (III). 


(I) For each np, k = 1,2,..., there exists (tn,,Qn,) € ende Un, With din((@n,, an), ende u) > 


a 


(II) There is an Nz € N such that for each n > No, there exists (yn, Ên) € 
endg Un With dm((Yn, Bn), ende u) < E. 


(III) Set N; := max{N,, N2}. For each np > N3, there exists (Zn,,Yn,) € 
end¢ Un, such that 


dml (Zn, np) ende u) = £. (4) 
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To show (I), let k € N. From (3), there exists (£n,, @n,) € end up, such 
that o o 
dml (Enp, Anp) ende u) > dmh (np; Qn, endu) >e >£. 


Clearly an, > £, and then (Enp, Qng) € Ende Un, C endg Un,. Thus (I) is true. 

As (y, u) € endu and endu = lim infr end un, we can find a sequence 
{(Yn, Bn) } satisfying that (yn, 8n) E endu, for n = 1,2,... and {(Yn, Bn)} 
converges to (y, yu). 

Hence there is a N such that for all n > No, dm((Yn, Bn); (Y, u)) < 
min{p — £, E}. Let n € N with n > Nə. Then 6, > £, and therefore 
(Yn; Bn) € endgun. Note that (y, u) € endeu. So din((Yn,Bn),endeu) < 
dml (Yn, Bn), (Y, 4)) < E. Thus (II) is true. 

To show (III), let k € N with ng > N3. Define a function f, from 


(ende Un,, dm) to R as follows: 
felz, C) = dm((z,¢), ende u) for (z, Ç) € ende un,- 
By (2), |fk(2, C= fkl, ¢’)| < dul, Ç), CA ¢’)) for (z, ¢), (z, Ç’) in ende Ung: 


Thus f+ is a continuous function on end¢ Un,- 

Note that endę un, is a connected set in R™. Thus fp(endęun,) is a 
connected set in R; that is, f,(endg un,) is an interval. Combined this fact 
with the above clauses (I) and (II), we obtain that there exists (Zn,,Yn,) € 
ende Un, With dml (2ng, Yn, ), ende u) = €. Thus (IT) is true. 

Now using (II), we can obtain a contradiction. From (4) and the com- 
pactness of end¢ u, the set {(2n,, Yng); Nk > N3} is bounded in R™ x [0, 1], and 
thus { (2n, Yn) Nk Z N3} has a cluster point (z, y). So (z, y) € limsup,,_,,, End un = 
endu. AS (Zn, np) E ende Un,, we have that Yn, > Ẹ and therefore y > €. 
Thus (z, y) € endun(X x |E, 1]) = endg u. But, by (4), dm((z, 7), ende u) = £, 
which is a contradiction. 


Corollary 3.19. Let u be a fuzzy set in Fysca(R™) \ {Frem} and for 


n=1,2,..., let un be a fuzzy set in Fysccon(R™). Then Hena(un, u) > 0 
as n —> œ if and only if lim? un = u. 


Proof. Let {un : n € N} is a sequence in Fusccon(R™). Then, by clause 
(i) of Corollary 3.15, for each n € N and r € (0,1], end, un is a connected 
set in R™ x [0,1]. Hence {un : n € N} satisfies the connectedness condition. 
Thus the desired result follows immediately from Theorem 3.18. 
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rf 


Here we mention that for u € Fijgcc¢(R) and a sequence {un} in Fésc(R) 
which satisfies the connectedness condition, H(un,u) — 0 does not imply 
that there is an N such that for each n > N, Un € Fusccon(R). 

The following Example 3.20 is a such example, which shows that there 
exists a u € Fijsog(R) and a sequence {un} in Fy sc(R) such that 
(i) H(u,,u) > 0, 

(ii) {un} satisfies the connectedness condition, and 
(iii) for each n = 1,2,..., Un € Fusccon(R). 


A 


Example 3.20. For n = 1,2,..., let un be the fuzzy set u given in Example 
3.17; that is, un = u is a fuzzy set in Ff scg(R) defined by putting: 


_ f [0,1] U[3,4], a € (0.6,1], 
(tla = l (0, 4], a € [0, 0.6]. 


We have the following conclusions: 

(i) H(un, u) > 0 since un = u for n = 1, 2,...; 

(ii) {un} satisfies the connectedness condition because end, u is connected in 
R x [0,1] when r € [0,0.6] (see Example 3.17); 

(iii) for each n = 1,2,..., Un € Fusccon(R), as u ¢ Fusccon(R) (see 
Example 3.17). 


Remark 3.21. Theorem 9.2 in [5], which is Theorem 3.10 in this paper, is 
a corollary of Corollary 3.19 since Fuscacon( R”) C Fysccon(R”). 

Theorem 3.7 is a corollary of Corollary 3.19, as Fi.scq(R™) © Fysea(R™)\ 
{Orem} and Fýsccon(R”) C Fusccon(R"). 

Corollary 3.19 is a corollary of Theorem 3.18. 

Theorem 3.18 improves Theorem 9.2 in [5] and Theorem 3.7. 


a 


Now we give an improvement of Theorem 3.18. 

Let u € F(X). Define S(u) := sup{u(r) : x € X}. Clearly [u]s, = @ is 
possible. 

Let {un} be a fuzzy set sequence in Fygo(R™) and {un,} a ae ne 
of {un}. If there is a u E€ Fysoca(R™) \ {brm} such that u = lim” un, 
then we can define 


Do 


An, = {£ > 0: for each n,, H*(endu,endun,) > €}, 
Ae = {€>0: for each ng, H*(endu,,,endu) > E}. 
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Let {un} be a fuzzy set sequence in Fygc(R™) and let u be a fuzzy set 
in Fyso(R™) \ {ØF}. We call the pair {un}, u is a weak connectedness 
compact pair if one of the following (i) and (ii) holds: 


(i) lim Un does not exist, or lim®? u, exists but u = lim®). u, does 
not hold; 
(ii) w=lim® uw, and (ii-1) and (ii-2) are true. 


(ii-1) for each {un,} with A}, # Ø, there exists a € € A}, such that 
end¢ u is compact. 

(ii-2) for each {un,} with AŽ, # 0, there exists a € € A? and an 
N(€) € N such that £ < S(u), endẹ u is compact, and end¢ Un, is connected 
in R™ x [0,1] for all ng > N. 


Theorem 3.22. Letu € Fysca(R™) {Orem}, and let {un,n = 1,2,...} be 
a fuzzy set sequence in Fusc(R™). If the pair {uy}, u is a weak connectedness 


compact pair, then Hena(Un, u) > 0 as n —> co if and only if lim” | Un =u. 


Proof. The proof is similar to that of Theorem 3.18. 
From Theorem 3.1, Hena(tin,u) > 0 > lim) -Un = u. 
Now we show that lim® Un = u => Henalun, u) > 0. We prove by 

contradiction. Assume that lim®) un = u but Hena(un,u) Æ 0. Then 

H* (endu, endun) Æ 0 or H*(end un, endu) Æ 0. We split the proof into two 

cases. 

Case (i) H” (end u, end un) Æ 0. 

In this case, A}, # Ø. Since the pair {un}, u is a weak connectedness 
compact pair, then there is a € € A with endg u is compact. So we can 
prove that there is a contradiction in a similar manner to that in the case (i) 
of the proof of Theorem 3.18. 

Case (ii) H*(endu,,endu) Æ 0. 

In this case, A? # Ø. Since the pair {un}, u is a weak connectedness 
compact pair, there is a € € A? and N, € N such that € < S(u), endẹ u is 
compact, and for all ng > Ni, endg Un, is connected in R™ x [0,1]. 

Firstly we show the conclusions in the following clauses (1), (II) and (III). 


= 
¢ 


ad? 


(I) For each ng, k = 1,2,..., there exists (%n,,On,) € ende Un, with din((@n,,n,), ende u) > 


A 


(II) There is an N2 € N such that for each n > No, there exists (yn, Bn) € 
endg Un with dm((Yn, Bn), ende u) < E. 
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(III) Set N3 := max{N,, N2}. For each nz > N3, there exists (Zn,,Yn,) € 
end¢ Un, such that 


din ((Zrxs Yng) ede u) = £. (5) 
Note that € € A? ; that is, for each u,,, k =1,2,... 
H*(endup,,end u) > €. (6) 


Let k € N. From (6), there exists (%,,,Qn,) € end up, such that 
in (Enp, Anp), Ende U) > dmh (Gags Anp) endu) > È. 


Clearly an, > €, and then (%p,,Qn,) € ende Un,. Thus (I) is true. 

Since € < S(u), we can take y € R” with u(y) > € > 0. Set u(y) = u. 
As (y, u) € endu and endu = liminf,,,. endun, we can find a sequence 
{(Yn, Bn) } satisfying that (yn, 8n) E endu, for n = 1,2,... and {(Yn, Bn)} 
converges to (y, y). 

Hence there is a No such that for all n > No, dm( (Yn, Bn), (Y, u)) < 
min{u — €, E}. Let n € N with n > No. Then n > £, and therefore 
(Yn, Bn) € endgun. Note that (y, u) € endeu. So dm((Yn, Bn), endeu) < 
dml (Yn, Bn); (Y, #)) < E. Thus (II) is true. 

(III) follows from (I), (IT) and the connectedness of endę un, when ng > 
N3. The proof of (II) is the same as that of the clause (III) in the proof of 
Theorem 3.18. 

Now using (III) and the compactness of endę u, we can have a contra- 
diction. The proof is the same as the counterpart in the proof of Theorem 
3.18. 


Example 3.23. Let u be a fuzzy set in Fġsc(R) \ {Orem} defined by 
putting: 


{1}, a € (0.6, 1], 

[ula = í (—o0, -1]U [1, +00) a € [0,0.6]. 
For n = 1,2,..., let un = u. We have the following conclusions: 
(i) H(un, u) > 0 since un = u for n = 1, 2,...; 
(ii) the pair {un}, u is a weak connectedness compact pair; 
(ii) {un} does not satisfy the connectedness condition because end, u is not 
connected in R x [0,1] when r € [0, 0.6]. Clearly each subsequence {un,} of 
{un} does not satisfy the connectedness condition; 
(iv) u ¢ Fuscc(R). 
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Remark 3.24. Let {u,,} be a fuzzy set sequence in Fysc( 


R”) satisfying the 


connectedness condition and let u be a fuzzy set in Fysca(R™) \ {rem }- 
Then clearly the pair {un}, u is a weak connectedness compact pair. So The- 
orem 3.18 is a corollary of Theorem 3.22. Theorem 3.22 is an improvement 
of Theorem 3.18. 
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